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1. INTRODUCTION 
In [1], Belward and Zhang used a truncated Chebyshev series to approximate the Bessel func- 
tion of the second kind Y,~(z) in the complex plane. Since the Chebyshev series does not pro- 
vide an ideal basis for approximation on sectors, Zhang and Belward [2] employed the Lanczos 
T-method to approximate Yo(z) and obtained some useful results. It is therefore natural to ex- 
tend this work to approximate the Bessel functions of the second kind of other integer orders. Of 
particular importance in this respect is Yl(z), since the Bessel functions of other integer orders 
can be deduced by the recurrence relations [3, p. 67] once the values for order zero and order one 
are available. 
The Lanczos T-method finds approximate polynomial solutions for linear differential equations 
with polynomial coefficients. Instead of looking for a truncated series approximation, we modify 
the differential equation by adding a polynomial perturbation term carefully chosen so that 
the resulting perturbed equation, with suitable boundary conditions, has a polynomial solution. 
The perturbation polynomials which we will use in this paper are the Faber polynomials for 
circular sectors computed by Coleman and Smith [4]. The reader is urged to refer to [5,6] for 
detailed discussions of the Lanczos T-method and Faber polynomials, and to [2,7] for some of 
their applications. Reference [2] also contains a review of the ideas involved in this paper. 
Unless otherwise stated explicitly, we will assume throughout this paper that the functions of 
concern are analytic throughout the relevant region of the complex plane. 
2. APPROXIMATIONS FOR THE BESSEL  FUNCTIONS 
2.1. Approximations for Jl(Z) 
In order to compute Yl(z), we first need to compute Jl(z), the Bessel function of the first kind 
of order one. Both satisfy the Bessel differential equation 
z2 dUy dy 
~z 2 + z ~zz + (z2 - 1)y = 0. (1) 
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In view of the behavior of J:(z) as z --. 0% we define a new function u(z) = (2/z) Jl(z), and 
since u(z) is an even function of z, with t = z2/4, we have 
t_l ~ (du(t)  ~7 \ t2 + ~(t) = o (2) dt ] 
with the initial conditions 
du 
u(O) = 1, d--t (0) = O. 
We further perturb equation (2) by using Faber polynomials as detailed in Section 3, 
t-:  d t 2 dUd:t))-t-Un(t)=r~on(~ ) , (3) 
where ,X is a parameter chosen so that t/1 is real on [-1, 1]. We represent 
~(t )  - -~  ckt k, (4) 
k=0 
where ~n(t) will be chosen as a Faber polynomial of degree n, and 
n 
~(t)  = ~ akt k. (51 
k=0 
When (4) and (5) are substituted into (3) and the resulting recurrence relations are solved, we 
have j l 
r = (-~)-k(k + 1)(k!)~ck 
k=0 
This is the direct form of the r-method for Jl(Z) due to Coleman [7]. Since (2) implies 
u(t) =-t - :  -~e (t~ eu(t) ] , 
we may define another approximate solution by 
gn-l(t) =-t - :  d 
We then obtain the integrated form of the T-method for J: (z) 
n--1 
~'n- - l ( t )  = -- E (k -[- 1 ) (k  + 2)ak+,t k. 
k=0 
More details about the integrated form of the r-method can be found in [2]. 
2.2. Approx imat ions  for Yl(z) 
Yl(z) may be written in the form [3, p. 69] 
YI(z) 2 [  (2) ]  2 1 oo  (Z/2)2m+l (Ira W/re+l), 
---- --~r 7 + in J:(z) Irz It- E (-l)m m!(m + i)! 
m~O 
1 1 I 
/8=1+2+3 +' ' '+- ' s  s=1,2 ,3  . . . .  ; lo=O, 
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where 7 is the Euler constant 0.5772157 . . . .  In view of the behavior of Yl(z) as z --* 0, we may 
define a new function [8, p. 31] 
with the initial condition 
2 (Yl(Z) 21n(z ) J l ( z )+2)  f iz )  = z ~r ' (6) 
f(0) = 2 (7 ln2) 1 
7r 7r 
Substitute (6) into (1) and note that J l(z) itself, by definition, also satisfies il). We have 
z2 d2f(z) dr(z) 4 8 dgl(z) 
dz---- ~ + 3z ~ + z2f(z) - (7) r dz 
Since f (z)  is an even function of z, with the change of variable t = (1/4) z 2, equation (7) becomes 
d ( . ~ )  2 duit ) 1 t -1 --~ t 2 + f ( t )  + - -  ~ + (U( t )  - -  1) = 0. (8) 
dt 
Equation (8) is not a homogeneous equation with respect o the function f(t). 
We seek a polynomial approximate solution of the form 
n 
k=0 
The perturbed equation is 
t_l  d t2 dfn (t ) ~ 7r2 du_~((t) 1 (~)  dt ] + fair) + - + -~ (un(t) - I) ---- T*qOn (10) 
with ~n taking the form (4), un the form (5). 
Substituting (4), (5) and (9) into (10) we have the recurrence formula 
(k + 1)(k + 2)bk+l + bk + (2k + 3) - -ak+l=' t ' *Ck)~ -k for k = 0 ,1 ,2 , . . . ,n -  1, 
~r (ii) 
bn = "r* Cn)~ -n. 
Solving (11) by backward recurrence we can represent b0 in terms of T*. On the other hand, the 
2 initial condition gives b0 = fn(0) = ~ (7 -  In 2) - 1 3" We therefore have 
~.. = b0 - (1/lr) ~-~=1 (--1)k( 2k + 1)k[(k - 1)!]2ak 
n k Ek=0(-~)- (k + 1)(k!)2ck 
i i_1) i2 k + 1)kt(k- =r b0-~ 
k=1 
The coefficients bk(k  = n ,  n - 1 , . . . ,  1) can be calculated from the recurrence formula (11). 
The above procedure can be viewed as the T-method in its direct form for approximations 
for Yl iz).  To get the integrated form of the T-method, we define a new approximation as 
i . -1 (0 - - - t  -I a ( df.(t)~ 2 d~.(0 1 t2 dt ] ~ dt ~t(u~(0-1)' 
which is an another approximate solution of (8); and it follows that 
~-1[  1 ] 
]n- l(t)  --- - E ik + 1)(k + 2)bk+l + - (2k + 3)ak+l t k. 
7r 
k=0 
CA/4~ 30-7-C 
18 J. ZHANG 
3. NUMERICAL  RESULTS 
The Bessel function Yl(z) is single-valued for all the points z in the principal branch -~r < 
argz _ < r.  We will only compute Yl(z) in the first quadrant, 0 _ < argz < _ ~,  since the other 
values of Yl(Z) can be deduced by symmetry and conjugate relations [3, pp. 66-68]. 
We divide the first quadrant of the complex plane into six equal-spaced sectors as in [1] and 
use different polynomial approximations for each sector. This suggests that we choose ~n in (3) 
and (10) to be the Faber polynomials with half-angle ~2 (15°), tabulated by Coleman and 
Smith [3], in the T-method. In each sector the Faber polynomials are real on the central ray 
of argument ¢. We choose radius R = 8 and A = 16exp(2i¢) to allow accuracy comparison with 
the Chebyshev series approximations for Yl(z) on the same sectors and radius as in [1]. Errors 
in our approximations are computed by comparison with a more accurate power series routine 
taking sufficient erms and adding up backward. The maximum errors are found by sampling on 
the boundaries taking step length 10 -2 . We also compute the minimum errors for the integrated 
T-method by the same technique. All computations are carried out in double precision on a Sun 
SPARCstation using the Fortran 77 programming language. 
Table 1 contains the maximum errors tested from the Chebyshev series, direct and integrated 
forms of the T-method approximations for YI (z) on the boundary of the first sector as well as 
the minimum errors from the integrated T-method. It is clear that both forms of the T-method 
achieve smaller errors than the Chebyshev series does. The results on other sectors are similar 
to those for Y0(z); interested readers may refer to [2] for detailed descriptions. 
Table 1. Maximum and minimum errors in polynomial approximations for Y1 (z) on 
the sector Izl < 8, 0 < argz <_ ~2' 
Term 
n 
6 3.56(-02) 
7 7.41(-03) 
8 1.11(-03) 
9 1.24(-o4) 
10 1.09(--05) 
11 7.76(-07) 
12 4.56(--08) 
13 2.26(--09) 
14 9.58(--11) 
15 3.48(--12) 
Chebyshev Direct Integrated Minimum error 
series T-method v-method on boundary 
5.51(-02) 
8.97(-03) 
8.86(-04) 
6.39(--05) 
3.20(--06) 
9.97(--03) 
1.51(--03) 
8.29(-05) 
5.98(-O6) 
4.98(-07) 
1.38(--07) 
5.67(--09) 
1.49(-10) 
4.46(-12) 
1.74(-13) 
1.91(-08) 
7.34(-10) 
3.15(--11) 
8.18(--13) 
1.19(--13) 
7.o9(-o4) 
1.44(-04) 
2.13(-05) 
2.03(-06) 
1.49(-07) 
4.11(-o9) 
3.38(-10) 
1.27(-11) 
2.72(-13) 
1.70(--15) 
4. CONCLUSIONS 
It  has been shown that the v-method can be used to obtain reasonable approximations for the 
Bessel functions Yo(z) and Yl(z). We may use this method to approximate the Bessel functions of 
other integer orders. However, since the implementation of the v-method in the approximations 
for Y0 (z) carefully exploits the cancellation of variable t (or z) in the Bessel equation, the resulting 
recurrence relations are relatively simple [2]. This advantage is no longer available for Yn(Z) 
for n _> 1, as the nonhomogeneous part of the equation will become more and more complicated 
as n increases. Consequently the resulting recurrence relations will be difficult to handle. It is 
therefore advisable to use the recurrence relations of the Bessel functions to compute function 
values for n > 1 as indicated in Section 1. 
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